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Abstract. Infectious disease can spread among many regiunra that it is required control for the prevention. In the dynamical
maodel of spread of infectious disease in two regions, there are susceptible, exposed, infected, and recovered population and they
move and travel each other. The novelties of this research are there are the addition control quarantine in first region and second
region for reducing the number of individual moving and traveling and control treatment in first region and second region so that
they can remove infected population to the recovered population. M(}re(}. the sensitivity analysis 18 also done for comparing
the numerical simulation of each individual and optimal control applied. Optimal control is used for minimizing the number of
exposed, infected individual in two regions and the cost of quarantine and treatment. In this research, comparison of numerical
simulalimfilhuul control and with quarantine and treatment control will be done. The method of computation of this problem
is using Pontryagin’s Maximum Principle with Forward Backward Sweep Method as numerical computation. Simulations have
been done by various rate of movement for sensitivity analysis. Based on simulation results, quarantine and treatment can affect
dynamical model of spread of infectious disease in two regions with the various rate of movement. From the comparison, the
maodel with control quarantine and treatment can decrease exposed and infected individuals in both regions than the model without
control. Control guarantine and treatment are also used for controling the infectious disease spread so that exposed and infected
individuals become smaller.

INTRODUCTION

Nowadays, many infectious diseases have been found because the virus always mutate and form the new disease
[13]. Healthy human can be infected by disease because doing contact through air, touching, droplet, and so on.
The spreadiff of disease in the population, generally there are susceptible population, exposed population, infected
population, and recovered population. Susceptible can be infected after contact with exposed or infected depends on
transmission rate. Before being infected, the symptoms have not appeared yet so that susceptible becomes exposed.
When the the virus mutate and symptoms have appeared, exposed becomes infected and then, infected becomes
recovered [1,3].

Infectious disease can spread among many regions so that it is required control for the prevention. In this research,
dynamical model of spread of infectious disease in two regions will be done mathematically. From previous research,
mathematical models of some disease spread have been researched such as dengue disease [11], zika disease [12],
avian flu disease [9], ebola disease [4,7] and cancer spread model [10]. B

In the dynamical model of spread of infectious disease in two regions, there are susceptible, exposed, infected, and
recovered population and they move and travel each other. The novelties of this research are there are the addition
control quarantine in first region and second region for reducing the number of individual moving and traveling and
control treatment in first region and second region so that they can remove infected population to the recovered
population. Moreover, the selaivily analysis is also done for comparing the numerical simulation of each individual
and optimal control applied. Optimal control is used for minimizing the number of exposed, infected individual in
two regions and the cost of quarantine and treatment [5]. In this research, comparison of numerical simulation without
control and with quarantine and treatment control will be done.

The method of computation of this problem is using Pontryagin’s Maxim Principle with Forward Backward Sweep
Method as numerical corfeglitation. Forward Backward Sweep Method compute solution of state variables forward
with initial condition and solution of co-state variables backward with final condition [2]. Simulations have been done
using various rate of movement for sensitivity analysis. Based on simulation results, quarantine and treatment can
affect dynamical model of spread of infectious disease in two regions with the various rate of movement. From the
comparison, the model with control quarantine and treatment can decrease exposed and infected individuals in both
regions than the model without control. Control quarantine and treatment are also used for controling the infectious
disease spread so that exposed and infected individuals become smaller.




DYNAMICAL MODEL

The dynamical model of spread of infectious disease in two regions will be explained in two parts. The first is the
spread model of infectious disease without quarantine and treatment control and the second is the spread model of
infectious disease with quarantine and treatment control.

Dynamical Model Without Control

The dynamical model of spread of infectious disease in two ons can be constructed in Fig. 1 in which there
are first region and second region with each region there are susceptible population, enosed population, infected
population, and recovered population that moving and traveling each other. Susceptible can be infected after contact
with exposed or infected depends on transmission rate. Before being infected, the symptoms have not appeared yet
so that susceptible becomes exposed. When the the virus mutate and symptoms have appeared, exposed becomes
infected and then, infected becomes recovered [1,3]. The population included are : §) is the susceptible population
in first region, S> is the susceptible population in second region, E| is the exposed population in first region, E; is
the exposed population in second region, E; is the exposed population in first region, E> is the exposed population
in second region, [ is the infected population in first region, I5 is the infected population in second region, R, is the
recovered population in first region, R» is the recovered population in second region.

The dynamical model can be modeled as system of differential equation as follows [6] :
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with the positive solutions in a“opulalions :
S1(t) 20,8:(t) = 0,E,(t) 2 0,E5(t) =2 0,11 (1) = 0,1(1) = 0,R, (1) = 0,R:(2) = 0 2

The parameters used are :
A 1 the rate of birth

B : rate of disease transmission between susceptible and infected individual in first region
B rate of disease transmission between susceptible and exposed individual in first region
B rate of disease transmission between susceptible and infected individual in second region

By : the rate of disease transmission between susceptible and exposed individual in second region

u : the gof natural death in common individual

 : the of death by disease in exposed population

@ : the rate of death by disease in infected population

p : the rate of mutation

o : the rate of recovery in exposed population

¥ : the rate of recovery in infected population

The susceptible, exposed, and recovered population of each region move and travel in each other with the rate p;,, pow
in susceptible population, ¢;,.¢., in exposed population, ry,.,r,, in recovered population. The infected population
can not move and travel because they should take rest or isolation for their healthy.

Dynamical Model with Quarantine and Treatment Control

Similar model to the dynamical model without control however there are the addition control quarantine vy (¢) in sus-
ceptible of first region, quarantine v»(t) in susceptible of second region for reducing the number of individual moving
and traveling. Actually there are quarantine w(f) in exposed of first region and quarantine w» in exposed of second
region. However, the quarantine of exposed in two regions should be applied massively so that w(f) = w2(f) = 1 and
causing — g (1 — w1 )E) +gin(1 —w2 )Ez = 0, —gin (1 —w2 ) Es + g (1 —wy )E) = 0. Moreover, there are also control
treatment u;(¢) in infected of first region and treatment u>(t) in infected of second region so that they can remove
infected population to the recovered population.

The system of differential equation in Eq.(1) can be modified in Eq.(3) respectively.
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with the positive B\ulions in all populations :
S1(t) =2 0.8(r) 2 0,E1(t) = 0.Ex(1) = 0,11(2) = 0,(t) = 0.R (1) = 0.R2(2) = 0 C))

METHODS

The method of computation of this problem is using Pontryagin’s Maximum Principle with Forward Backward Sweep
Method as numerical computation.




Pontryagin’s Maximum Principle
The purpose of optimal control problem in this problem is finding optimal uy (¢),u2(f),v1 (f), v2(¢ ) minimizing perfor-
mance index in Eq.(5). Beside that, the number of exposed and infected individual in two regions are also minimized.

minJ’:l'rf AIE(1)} +AE (0] + BiI(1)] + Bod ()3 +Ciu(t)} + Gou(t)3 +Dyv(r)] +Davi(t)} (5)

ThERange of control uy(z),uz(f),v1(t),v2(t) is between 0-1 as effectiveness rate. Score 0 represents the control is fail
or not to be applied while score 1 represents the control is success or applied entirely. In quarantine control is the
cost spent by government for reducing the movement to the other region. In treatment control is the drug cost for
removing infected population to the recovered population.

For effectiveness of quarantine u, (), u>(t) applied in susceptible and recovered individuals, we will give example as
follows. Suppose that there are 10 individuals. If the quarantine control is 0.2 (20%), then individuals who are out of
quarantine and travel to other region are (1 —0.2) x 10 = 8 individuals and the individuals who are keep stay in own
region are 2 individuals. However if the quarantine control is 0.8 (80%), then individuals who are out of quarantine
and travel to other region are (1 — 0.8) x 10 = 2 individuals and the individuals who are keep stay in own region are
8 individuals. It describes that smaller effectiveness of quarantine causes individuals who are out of quarantine are
larger and individuals who are keep stay in own region are smaller and vice versa.

effectiveness of treatment v (), v2(r) applied in infected individuals, we will give example as follows. Suppose
that there are 10 infected individuals. If the treatment control is 0.2 (20%), then infected individuals who are recovered
and remove to recovered individuals are 0.2 x 10 = 2 individuals. If the treatment control is 0.8 (80%), then infected
individuals who are recovered and remove to recovered individuals are 0.8 x 10 = 8 individuals. It describes that
mlller effectiveness of treatment causes individuals who are recovered are smaller and vice versa.

A1 =042 20,8, 20,82 =0,C, =0,C2 = 0.D, = 0,D = 0, is the weights of performance index.

From performance index and dynamical model with control as state model, Hamiltonian equation are in Eq.(6).
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And the optimal controls are :
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Forward Backward Sweep Method
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Forward backward s»\np method that is applied on optimal control of dynamical model of spread of infectious

disease in two regions can be designed as follows [2]:
Suppose state variables and co-state variables are :
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1. Computing solution of state variables forward with initial condition :
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3. Computing optimal control u] (¢ ),u3(z).v}(z),v}(t) using Eq.(8)-(11) respectively

4. Updating optimal control
Wy Uy old Wy T U2 pd V1 T Viold V2 T V2aid

u) ) Ly — ) WV ) LV ) (]5)

5. Repeat the procedure until converge

RESULTS

The simulations are compared between model without control and model with quarantine and treatment control.
Parameter used in first region ca] second region are similar except the rate of disease transmission. Parameter used
are : the rate otarlh A is 3, the rate of disease transmission between susceptible and infected individual in first
&ion B is 0.3, the rate of disease transmission between suscpetible and exposed individual in first 1'egioag 15 0.3,
the rate of disease transmission between susceptible and infected individual in second region 33 is 0.03, the rate of
disease transmission between susceptible and exposed individual in second region f4 is 0.03, the rate of natural death
in common individual g is 0.0001, the rate of death by disease in exposed pmlalion  is 0.002, the rate of death by
disease in iled population ¢ is 0.003, the rate of mutation p is 1/14, the rate of recovery in exposed population o
15 0.08, the rate of recovery in infected population yis 0.05[6].

For each simulation, it will be done sensitivity analysis using various rate of pi,., pow with value 0, 0.005, 0.010, 0.015,
0.020, 0.025, various rate of gjy, g With value 0, 0.002, 0.004, 0.006, 0.008, 0.010, various rate of ry,, ry, with value
0, 0.003, 0.006, 0.009, 0.012, 0.015.

The Spread Model of Infectious Disease Without Control
The simulation of the spread model of infectious disease in two regions without quarantine and treatment control can
be seen in Fig. 2, Fig. 3, Fig. 4, and Fig. 5.
Fig. 2 is numerical simulation of susceptible population in first region (top) and second region (bottom) with the vari-
ous rate of Piy. Pow s Gin+ Gours Vin Tour- 1They seem that the number of susceptible individual decrease because infectious
diseases making susceptible individuals become exposed individuals.
Fig. 3 is numerical simulation of exposed population in first region (top) and second region (bottom) with the various
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FIGURE 2. Numerical simulation of susceptible population in two regions without control

rate of Pin, Pouts Gins Gout » Vins Vorr - F1€. 4 18 numerical simulation of infected population in first region (top) and second
region (bottom) with the various rate of pin. Pour. Gin: Gout, Vin, Your. They seem that the number of individual increase
because they are attacked infectious disease then decrease because they are removed due to dead or recover. In both of




first region and second region, higher py;, Pou . Gins Qout+ Vin» Your Make the number of exposed and infected individual
higher.
Fig. 5 is numerical simulation of recovered population in first region (top) and second region (bottom) with the vari-
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FIGURE 4. Numerical simulation of infected population in two regions without control

ous rate of piy, Pours Gins Gout » Vins Fowr - They seem that in both of first region and second region the number of individual
increase because there are many individuals who are recover even from exposed population or infected population.

The Spread Model of Infectious Disease with Quarantine and Treatment Control

The simulation of the spread model of infectious disease in two regions with quarantine and treatment control can be
seen in Fig. 6, Fig. 7, Fig. 8, and Fig. 9. Optimal control of quarantine can be seen in Fig. 10 and optimal control of
treatment can be seen in Fig. 11.

Fig. 6 is numerical simulation of susceptible population in first region (top) and second region (bottom) with the
various rate of Pin. Pours Gin Gous » Vin» Vowr- 1hey seem that in first region, the number of susceptible individual decrease
because quarantine effect and in second region, the number of susceptible individual increase because quarantine
effect.

Fig. 7 is numerical simulation of exposed population in first region (top) and second region (bottom) with the
various rate of Pi, Pour s Qins Gout »Vins Vour- They seem that in first region, the number of exposed individual increase and
then decrease because fully quarantine effect and in second region, the number of exposed individual decrease and
approach to zero because fully quarantine effect.
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FIGURE 6. Numerical simulation of susceptible population in two regions with control

Fig. 8 is numerical simulation of infected population in first region (top) and second region (bottom) with the various
rate of piy. PowrGin+ Gous Vins Fore - 1hey seem that in both of first region and second region, the number of infected
individual has gone and approaches to zero because the effects of treatment.

Fig. 9 is numerical simulation of recovered population in first region(top) and second region (bottom) with the various
rate of Piy, Pours Gins Gours Vins Yo - 1hey seem that in both of first region and second region the number of individual
increase beme there are many individuals who are recover because the ll'ealmenl

Fig. 10 is the numerical solution of optimal control of quarantine and Fig. 11 is the numcrinl solution of optimal
control of treatment. Effectiveness rate is between 0-1. Score 0 represents the control is fail or not to be applied while
score 1 represents the control is success or applied entirely. In quarantine control is the cost spent by government for
reducing the movement to the other region. It describes that smaller effectiveness of quarantine causes individuals
who are out of quarantine are larger and individuals who are keep stay in own region are smaller and vice versa.
In treatment control is the drug cost for removing infected population to the recovered population. It describes that
smaller effectiveness of treatment causes individuals who are recovered are smaller and vice versa. From the Fig. 11,
in first time, the treatment (drug cost) is applied massively but in the next time, the treatment (drug cost) is not applied
because there are no infected individuals.

From the comparison, the model with control quarantine and treatment can decrease exposed and infected individuals
in both regions than the model without control. Control quarantine and treatment are also used for controlling the
infectious disease spread so that exposed and infected individuals become smaller.




Ersnsed M
3%
T 1

FIGURE 8. Numerical simulation of infected population in two regions with control

CONCLUSION

In the dynamical model of spread of infectious disease in two regions, there are susceptible, exposed, infected, and
recovered population and they move and travel each other. There are the addition control quarantine in first region
and second region for reducing the number of individual moving and traveling and control almenl in first region
and second region so that they can remove infected population to the recovered population. Optimal control is used
for minimizing the number of exposed, infected inmiual in two regions and the cost of quarantine and treatment.
The method of computation of this problem is using Pontryagin’s Maximum Principle with Forward Backward Sweep
Method as numerical computation. Simulations have been done using various rate of movement for sensitivity analy-
sis. Based on simulation results, quarantine and treatment can affect dynamical model of spread of infectious disease
in two regions with the various rate of movement. From the comparison, the model with control quarantine and
treatment can decrease exposed and infected individuals in both regions than the model without control. Control quar-
antine and treatment are also used for controlling the infectious disease spread so that exposed and infected individuals
become smaller.
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FIGURE 9. Numerical simulation of recovered population in two regions with control

FIGURE 10. Optimal control of quarantine
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FIGURE 11. Optimal control of treatment
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